Fine structures in the tunneling spectra of superconductors have been widely used to identify fingerprints of the interaction responsible for Cooper pairing. Here we show that for scanning tunneling microscopy (STM) of Pb, the inclusion of inelastic tunneling processes is crucial for the proper interpretation of these fine structures. For STM the usual McMillan inversion algorithm of tunneling spectra must therefore be modified to include inelastic tunneling events, an insight that is crucial for the identification of the pairing glue in conventional and unconventional superconductors alike.
Fine structures in the tunneling spectra of superconductors have been widely used to identify fingerprints of the interaction responsible for Cooper pairing. Here we show that for scanning tunneling microscopy (STM) of Pb, the inclusion of inelastic tunneling processes is crucial for the proper interpretation of these fine structures. For STM the usual McMillan inversion algorithm of tunneling spectra must therefore be modified to include inelastic tunneling events, an insight that is crucial for the identification of the pairing glue in conventional and unconventional superconductors alike. Conventional superconductivity is caused by the attractive interaction between electrons near the Fermi energy mediated by phonons [1] . This leads to the formation of a gap 2∆ in the single particle density of states (DOS) of the electrons, and to quasi-particle peaks above the gap [2, 3] . Eliashberg extended the BCS theory to the limit of larger dimensionless electron-phonon coupling constants λ and included a realistic electron-phonon coupling and the detailed structure of the phonon spectrum [4] . As a consequence, the quasi-particle peaks near the Fermi surface are modified due to the interaction with phonons, leading to fine structures in the electronic DOS near the peaks of α 2 F (ω) shifted by ∆. The Eliashberg function α 2 F (ω) describes the phonon DOS, weighted by the electron-phonon coupling. Experimentally, these fine structures in the electronic DOS have been detected with electron tunneling spectroscopy on planar junctions [5] [6] [7] [8] [9] [10] . In the pioneering work of McMillan and Rowell [11] , the Eliashberg function could be reconstructed from the superconducting DOS by an inversion algorithm taking into account the interaction of electrons and virtual phonons. This method has been used to identify fingerprints of the phononic pairing glue in the electronic spectrum and thus to determine the pairing mechanism leading to superconductivity [12, 13] . It counts as a hallmark of condensed matter physics.
An alternative way to determine the Eliashberg function is to measure the energy dependence of the scattering of electrons with real phonons in the normal state using inelastic tunneling spectroscopy (ITS) [14] [15] [16] [17] . This method is more direct, as the second derivative of the tunneling current I with respect to the bias voltage U is, under rather general assumptions, directly proportional to α 2 F (ω) [18] . Recently, this method has been combined with scanning tunneling microscopy (STM) to obtain local information on the Eliashberg function of Pb on a Cu(111) substrate [19] .
In this work, we determine experimentally and ana- lyze theoretically the tunneling conductance of Pb that is affected by the coupling to real phonons via inelastic tunneling and virtual phonons via many-body renormalizations. Comparing the two approaches to determine α 2 F (ω) on the same sample with the same tip of a low temperature STM, we show that interpreting tunneling spectra of superconductors via the McMillan inversion algorithm (and thus solely by its elastic contribution) can be an incomplete description. We demonstrate that inelastic contributions of the tunneling current can, in general, be of the order of the elastic contribution and show that we can understand experimental STM data from Pb tunneling in the normal and superconducting state, taking into account both elastic and inelastic tunneling processes. The combined analysis of elastic and inelastic tunneling processes is important to correctly identify fingerprints of the relevant interactions in the electronic arXiv:1504.01932v1 [cond-mat.supr-con] 8 Apr 2015 DOS and to identify the pairing glue for superconductivity. This is essential for conventional superconductors, such as Pb, but is expected to be even more important for unconventional pairing states, where an electronic pairing interaction is expected to fundamentally change its character upon entering the superconducting state.
The Hamiltonian H = H 0 + H t of the combined substrate and tip consists of free electrons in the tip and electrons interacting with phonons in the substrate (we set = 1):
Here, φ q ,µ = a q ,µ + a † −q ,µ is proportional to the lattice displacement, where a q ,µ is the the phonon annihilation operator for momentum q and phonon-branch µ and with dispersion ω q ,µ . c † k /p,σ are the electron annihilation operators for the two subsystems: The tip (quasi-momentum p, dispersion T p and volume V T ) and the superconductor (quasi-momentum k , dispersion S k and volume V S ). For the latter we include the electronphonon coupling α k −k ,µ that gives rise to superconductivity. The electron-phonon interaction in the tip is assumed to be small. In addition, the tunneling part of the Hamiltonian includes elastic and inelastic tunneling processes [18, 20] :
The first term of the tunneling amplitude T k ,p describes the elastic tunneling part, the second term corresponds to electron transitions via the emission/absorption of phonons, see Fig. 1 . It is proportional to the bulk electron-phonon coupling α q ,µ [18] . There can also be processes with a higher number of phonons, which will be discussed later. In order to determine the tunneling current we employ the usual field theoretical methods (see Supplementary Material). While we derived results for arbitrary temperatures, here we concentrate on the regime where T is much smaller than all other energy scales of the system. We assume that the DOS of the tip is constant ν T (ω) ≈ ν 0 T and that the tunneling amplitudes are independent of momenta and phonon branches T e k ,p = t e and T i k ,p,q ,µ = t i . Then, to leading order in t e , the second derivative of the elastic tunneling current with respect to the bias voltage
is proportional to the derivative of the normalized elec- [21] [22] [23] . In the normal state,ν S (ω) is essentially constant for small applied voltages and the second derivative of the elastic current vanishes. In the superconducting state, the opening of the superconducting gap and the excitation of virtual phonons lead to the mentioned fingerprints of superconductivity and the pairing glue in the elastic tunneling spectrum. Below we determine these structures from the solution of the nonlinear Eliashberg equations for given α 2 F (ω). The second derivative of the inelastic current due to the excitation of single real phonons is for U > 0 given by the convolution
The function
) is a weighted phonon DOS and is closely related, but not identical to the Eliashberg function α 2 F (ω) =
. Both have similar features but can differ in fine-structure and amplitude. The result (4) is the generalization of the current in the normal state, where
is proportional to the weighted DOS of the phonons (or other collective excitations of the system), see Ref. [18, 20, 24, 25] . It was recently determined in STM measurements on Pb [19] . This normal state measurement allows for an estimate of the ratio t i 2 / |t e | 2 : the change in conductance from 0 to 10 meV is approximately
12%, where σ(0) = σ 0 is the (purely elastic) conductance at zero bias (see also Fig. 3a ). Relating this to Eq. (3) and (4) in the normal state, one finds that t i /t e 2 = 0.12/ 10 meV 0 dω α 2 F tun (ω). Using this estimate and widely accepted Eliashberg functions for Pb [11] yields t i /t e 2 ≈ 30(eV) −1 and elastic and inelastic contributions to the second derivative below T c turn out to be comparable in magnitude, see Suppl. Material.
In the superconducting state, the inelastic contribution Eq.(4) has its major contribution for frequencies a bit below the energy of the phonon peaks shifted by the gap ∆. Since inelastic tunneling adds additional channels to the conductance, its contribution will have the opposite sign of the elastic contribution in (3) and can give pronounced positive peaks in the second derivative of the tunneling current followed by a negative peak of same amplitude. As we will see below, we find exactly these features in the tunneling current for the STM experiment on lead. Single phonon excitations are not the only contributions to inelastic tunneling. Tunneling processes with a higher number of excited phonons will give similar terms as in (4) with higher convolutions of the Eliashberg-function such as
with other tunneling parameters. This amounts to replacing
The dimensionless coefficients κ n determine the relative strength of higher order phonon excitations (κ 1 = 1).
After these qualitative considerations we present our experimental data for STM measurements on lead, followed by a detailed theoretical analysis. Measurements were performed with a home-build Joule-Thomson lowtemperature STM (JT-STM) [26] at temperatures about 0.8 K. The JT-STM contains a magnet which allows to suppress superconductivity. In order to ensure that there is no significant inelastic signal of the tip at |U | < 15 mV, we use a chemically etched tungsten tip, known to have a weak electron-phonon coupling [27] . The n-type Si(111) crystals were carefully degassed at 700
• C for several hours and then flashed to 1150
• C for 30 seconds to remove the native oxide. Lead was evaporated at room temperature from a Knudsen cell with a deposition rate of 1.9 monolayers/min for 10 min. After deposition the samples were immediately transferred to the cryogenic STM. In agreement with previous studies [28] [29] [30] , flattop, wedge-like islands were observed (see Fig. 2 ), i.e. 3D islands appear on top of a wetting layer (WL). The islands are Pb single crystals with their 111 axis perpendicular to the substrate [29, 31, 32] . The first (second) derivative of the tunneling current dI/dU (d 2 I/dU 2 ) of the islands was measured using a lock-in amplifier with a modulation voltage of U mod = 439 µV. As a first measurement, we determine α 2 F tun (ω) of lead directly with ITS in the normal state. Pb islands were forced to the normal state by applying a magnetic field of 1T normal to the sample plane. Since the elastic contribution vanishes in the normal state, the peaks of the second derivative of the current correspond to purely inelastic tunneling. Fig. 4 shows the measured two characteristic phonon peaks that are also seen in the Eliashberg function α 2 F (ω) determined by Ref. [11] . These peaks at U ≈ 4.05 mV and U ≈ 8.3 mV coincide with the energies of the "transversal" and "longitudinal" van Hove singularities in the phonon DOS of lead [33, 34] . The additional peak at U ≈ 12.5 mV can be explained by tunneling processes via two-phonon emission. Note that also the second peak may already include such twophonon processes.
Without magnetic field, the islands are in the superconducting state. As the local thickness of the islands (30 monolayers ≈ 10 nm) is smaller than the bulk coherence length of lead (83 nm [35] ), the superconducting gap is not fully developed, see the conductance in Fig. 3b ). This behavior has been seen before in Ref. [28, 29, [36] [37] [38] . Besides the Bogoliubov quasiparticle peak one clearly observes fine structures in the spectrum of the conductance around U ≈ 5.3 mV and U ≈ 9.4 mV. These energies correspond to the van Hove singularities in the phonon DOS F (ω) of lead shifted by the gap ∆ ≈ 1.2 meV clearly indicating electron-phonon interaction induced effects. Furthermore, the typical ω/ √ ω 2 − ∆ 2 behavior in the BCS DOS is rapidly suppressed towards higher energies where the inelastic processes become important. This is in contrast to previous measurements on planar tunneling junctions of lead [5] [6] [7] [8] [9] [10] , but it can be understood by taking into account that the inelastic tunneling amplitude was about one order of magnitude smaller [15] than in our present experiment. Let us now investigate the second derivative of the tunneling current, which is significantly more sensitive to the fine structure induced by the electron-phonon interaction. As can be seen in Fig. 5 , the measured positions of the peak-dip features around the zero axis correspond to the characteristic longitudinal and transversal phonon energies ω t/l shifted by the gap ∆ ≈ 1.2 meV. As was mentioned before, such symmetric peak-dip features in the superconducting state cannot be explained by purely elastic tunneling. However, taking into account the additional inelastic tunneling channels, we naturally can explain the finestructure of the tunnel- ing current both in the normal and in the superconducting state.
For the theoretical fit, we first use a parameterization of the Eliashberg function obtained by McMillan and Rowell [11] to solve the Eliashberg equations numerically [39] and obtain the lead DOS ν S (ω) in the superconducting state. The elastic contribution to the second derivative is then easily calculated using Eq. (3). For the inelastic contribution we use the α 2 F tun (ω) function (without the negative dip at small voltages U < 2 mV that comes from a zero bias anomaly) and the already calculated DOS ν S (ω) to determine the convolution in Eq. (4), where the usage of the measured α 2 F tun (ω) function automatically includes two-phonon processes and yields the correct amplitude for the inelastic tunneling current. Finally, we convoluted our results with a Gaussian distribution (standard deviation σ = 0.4 meV), describing the experimental broadening due to temperature and the modulation voltage of the lock-in detection [17] . In Fig. 5 we compare the experimental data with the theoretical prediction of the elastic, inelastic and total contributions of the second derivative of the current. The elastic d
2 I e /dU 2 curve shows the typical dips around ∆ + ω t/l predicted by the Eliashberg theory, whereas the total d 2 I tot /dU 2 also shows peaks of comparable height relative to the zero axis at slightly lower bias voltages (shifted down by the half-width γ t/l of the peaks in the phonon DOS). These symmetric peak-dip structures are also seen in the experimental data, such that we can understand the superconducting tunneling spectra taking into account the additional inelastic tunneling processes (I tot = I e + I i ) describing the excitation of real phonons.
Suppose, one would mistakenly assume that the total current only consists of an elastic contribution and attempt to identify the underlying interaction α 2 F (ω) from a McMillian-Rowell analysis, one would of course not obtain the correct Eliashberg function.
In summary, we demonstrated experimentally and theoretically that in normal conducting Pb islands it is possible to directly measure the collective bosonic excitation spectrum, here phonons, using STM. In the normal conducting state, the obtained d 2 I/dU 2 spectra is pro- portional to the weighted phonon DOS α 2 F tun (ω) and higher convolutions thereof. This is different in the superconducting state of Pb. Here, the obtained second derivative
2 spectra are a composition of elastic and inelastic tunneling processes with fine structures in the same energy regime. Whereas the elastic part shows phonon features coming from self energy corrections (exchange of virtual phonons) in the DOS of the superconducting quasi-particles leading to dip features in the second derivative of the tunneling current, the inelastic part shows features of α 2 F tun (ω) shifted by the superconducting gap ∆ giving rise to additional peak features of the same amplitude (excitation of real phonons). A rather unique signature of inelastic contributions are symmetric peak-dip features in d 2 I/dU 2 around the zero axis. Those cannot be explained by only taking into account the elastic part d 2 I e /dU 2 . For this reason, the neglect of inelastic processes in STM experiments is in general not justified. Hence, when analyzing STM tunneling spectra via the McMillan inversion algorithm (purely elastic contribution) one should carefully subtract the inelastic contributions from the experimental tunneling current. Otherwise grossly incorrect conclusions about the pairing glue would be deduced from the tunneling spectrum.
Having found out experimentally and theoretically how the creation of real phonons and self energy correction in the quasiparticle DOS can be disentangled for conventional superconductors, the approach can be generalized to the investigation of corresponding bosonic structures in high temperature superconductors such as cuprates and iron pnictides for the future. A crucial difference to the phononic pairing glue is that in case of electronic pairing, the bosonic spectrum undergoes dramatic reorganization below T c in form of a sharp resonance in the dynamic spin excitation spectrum [40] [41] [42] [43] [44] [45] . Our results imply that great care must be taken in the proper inter-pretation of the tunneling spectra of these systems and that real and virtual bosonic excitations must be disentangled in a fashion similar to our analysis for lead.
Supplementary Material to "Coupling to real and virtual phonons in the tunneling spectroscopy of superconductors"
DERIVATION OF THE TUNNEL CURRENT Peturbative approach
The tunneling current is given by elementary charge times the change of the number of electrons n S = k ,σ c † k ,σ c k ,σ in the superconductor
where
is the time-dependent density matrix and . . . 0 = ρ 0 . . . = e −βH . . . is the expectation value of the system in thermal equilibrium with density matrix ρ 0 = e −βH . A suitable formalism to calculate the current (5) is the Keldysh Green function method (we follow the notation of Ref. [1] ). The corresponding Keldysh action of the Hamiltonian (without bias voltage) employed in the main text of the paper is given by
where as usual we defined the phonon displacement field φ q ,µ = a q ,µ + a † −q ,µ [3] . In order to derive the I − U characteristic of the system we have to apply a finite voltage eU = µ S − µ T , which can be done easily by the substitution c p,σ (t) → e −iµ T t c p,σ (t) and c k ,σ (t) → e −iµ S t c k ,σ (t). The dispersion energies of the tip 
where the retarded propagators are given in energy rep-
For the superconductor, we use the known framework of Eliashberg theory. Therefore,
is the renormalization function of the lead superconductor S and Σ R/A k (ω) = Σ k (ω ± i0) is the phonon-induced normal self-energy, see Fig. 6 . We neglected the correction of the pure dispersion ξ S k due to the coupling to the phonons, because it will basically just give an unimportant shift of the chemical potential and can be assumed to be incorporated in the electronic dispersion already from the beginning. The anomalous self-energy Φ R k (ω) = Φ k (ω + i0) is depicted in Fig. 6 and we also gave the expression for the anomalous propagator F R k (ω), even tough we will only need the normal particle propagator (since in the NIS-junction there is no Josephson effect). We neglect the renormalization of the phonon spectrum due to the interaction with the electrons, which could be incorporated easily by a phonon self-energy that would just lead to a small broadening and modification of the phonon spectral weight. Since we consider the sub-systems S and T to be in thermal equilibrium, the Keldysh propagators have the simple structure where n F (ω) is the Fermi and n B (ω) the Bose function with temperature T and we defined the spectral weights A k /p (ω), A q ,µ (ω) of the electron and phonon systems. In our case A q ,µ (ω) = δ(ω − ω q ,µ ). For completeness, we also give the explicit expressions for the greater/lesser Green functions
Following Eq. (5) it is easy to determine the explicit expression for the current Performing the contractions in Eq. (11) we find the elastic current
Im
where we used the definition of the greater/lesser G >/< and time-ordered/anti-time-ordered Green function G T /T , see Section of the Supplementary Material. In the end, we used the known identities that relate G T /T to the greater, lesser, retarded and advanced propagators. In Fig. 7 we show the corresponding Feynman diagram for the elastic tunneling current for the leading order in the tunneling element. After transforming to Fourier space and inserting the explicit expressions of the propagators in thermal equilibrium, we find
which is the usual expression for the elastic current in the Landauer-Büttinger transport theory assuming perfect quasiparticles
dU will now be calculated using the usual approximation T e k ,p = t e = const. for small voltages U E F ∼ 1 eV and small temperatures (T E F in the normal conductor or T ∆ in the superconductor with gap ∆), such that n F ( ) ≈ θ(− ). Assuming the DOS of the tip system ν
T to be constant near the Fermi surface , we can then rewrite the elastic current (14) to be
where we defined as usual the DOS of the superconductor as ν(ω) = 1/V S k A k (ω). As it is well known, the elastic conductance is the first derivative of the current with respect to the bias voltage U dI e dU = 4πν
is then proportional to the normalized DOSν(ω) = ν(ω)/ν the DOS and σ 0 = 4πν
e | 2 as the elastic conductance in the normal state. The corresponding second derivative of the elastic current is then given by
Inelastic current
The inelastic current can similarly be expressed by performing the contractions of (11) containing the phononfields and expressing the occurring propagators in terms of retarded, advanced, greater and lesser propagators
After going to Fourier space and inserting the corresponding electron and phonon propagators defined in Sec. , we can finally rewrite the inelastic current as
The first/third term describes the tunneling of an electron from the tip to the superconductor via the absorption/excitation of a phonon and the second/fourth term the tunneling from the superconductor to the tip via a phonon excitation/absorption, see also Fig. 8 . As in the elastic case, we apply the following simplifications: A constant inelastic vertex T i k ,p,q ,µ = t i and a constant DOS of the tip. Let us define the weighted DOS of the phonons in the superconductor as
which is very similar to the Eliashberg function besides a different momentum average. For low temperature k B T ω D , E F only the processes that excite a phonon lead to an inelastic contribution to the tunneling current since there are no phonons in the system and the Fermi function can be approximated as a step function n F (ω) = θ(−ω). We then find
For particle-hole symmetric electronic systems, we can directly write down the corresponding expression for the first and second derivative of the inelastic current as 
Multiple phonon processes
If we consider tunneling processes with a higher number of excited phonons we can formally write down the following tunneling processes
In the low temperature limit k B T ω D , E F , it is then straightforward to generalize the result (21) to the n-phonon process (demanding energy conservation and Fermi statistic for the leads)
θ(−ω n+1 )θ(ω n+1 − ω n − . . . − ω 1 + eU ) − {ω n+1 , U → −ω n+1 , −U } For the conductance, we then find for particle-hole symmetric systems We use µ * = 0.1 for the pseudopotential, such that solving the Eliashberg equations yields a gap value ∆ 1 meV. In Fig. 9 we see the resulting second derivative of the tunneling current, which is more sensitive to the fine-structure than the conductance, for the above mentioned elastic and inelastic tunneling for different peak width γ 0 in the superconducting state. As was seen in the experiments we use the ratio t i /t e 2 ≈ 0.12/ 10 meV 0 dω α 2 F (ω). The inelastic contribution Eq. (22) has its major contribution for frequencies a bit below the energy of the phonon peaks shifted by the gap ∆. Since inelastic tunneling adds additional channels to the conductance, its contribution will have the opposite sign of the elastic contribution in (17) and can give pronounced positive peaks in the second derivative of the tunneling current followed by a negative peak of same amplitude . These symmetric peak-dip features around the zero axis in the second derivative of the tunneling current are characteristic for the joint elastic and inelastic STM. In the present example, we were not able to find an Eliashberg function that would yield such a tunneling spectra from the purely elastic tunneling contribution Eq. (17) . Even for very sharp Eliashberg
